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Gauss-Seidel method
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An example using Gauss-Seidel method

3x1 — 0.1x —0.2x3 = 7.85
0.1x;1+ 7x2 —0.3x3 =—19.3
03x; —02x2+ 10x3= 714

True solution:
X; =3, X, =25, X3=17

Iterative equations

7.85 4+ 0.1x7 + 0.2x5

X1 =
3
—19.3 — 0.1x; + 0.3xs
Xy =
} 7
71.4 — 0.3x; + 0.2x,
1= 10

Error estimation

2.990557 — 2.616667
Ea,l =

1st jiteration

2.990557

7.85 4+ 0.1(0) 4+ 0.2(0)

x| = 2 = 2.616667
—19.3 —0.1(2.616667 0.3(0

Xy = ( = )+ © = —2.794524
T71.4 —0.3(2.616667 0.2(=2.794524

X3 = ( ) + ( ) = 7.005610
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2nd jteration
85 4+0.1(=2.7945 2(7.0056

. — 7.85 +0.1(=2.794 f4)+0 (7.005610) 5000557
—19.3 — 0.1(2.99055 3(7.0056

. 19.3 — 0.1(2.990 ??)+0 (7.005610) _ 5 100605

4 —0.3(2.99055 2(—=2.499625
x3:?14 0.3(2.990 1?[})+02( 499625) 700020

x 100% = 12.5% €4, =11.8%  &,3=0.076%



Gauss-Seidel vs. Jacobi iterative methods

Gauss-Seidel First iteration

xp = (by — apx, — apxy)/ay,
[

T

X,

Jacobi
= (by — appx; — “13«"3)/”11

Xy = (by = ayx; — ayxs)/ay Xy [F (by = ay Xy — apxy)/ay
[
x3 = (b3 — a3 x; — apxy)/as; X3 )= (b3 — a3 x; — azx))/ass
|
+ Second iteration I
xp = (by — apx, — apxz)/ay, X = (by — apx, — apx;)/ay
[
Xy = (by — ayx) — apxs)/ay Xy = (by — ayx; — ayxz)/ay

x3 = (by — a1 x| — apx,)/as

x3 = (by — az1x) — apxy)/az



Diagonal dominance

= The Gauss-Seidel method may diverge

= If the system is diagonally dominant, it will definitely
converge.

= Diagonal dominance

n
‘aii‘ > Z‘aij‘
j=1

J#i



M-file to implement Gauss-Seidel

new b a2 o4 a3z o4
X, =— - —X, ——X
an a ai
onew _ by . 21 new . Az old
a» (155) (5]

Implemented by matrix operations

{x} ={d} = [Cl{x}

where
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{d} = !bglf!ﬂgz } [Cl — |:HZII'!':122 0
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M-file to implement Gauss-Seidel (cont.)

function x = GaussSeidel(A,b,es,maxit)
if nargin<4|isempty(maxit), maxit=50; end
if nargin<3|isempty(es), es=0.00001; end
C=A
n=length(A);
fori=1:n
C(i,i) = 0;
x(i) = 0;
end
X =X
fori=1:n
C(i,1:n) = C(i,1:n)/A(i,i);
end
fori=1:n
d(i) = b(i)/A(i,i);

end



M-file to implement Gauss-Seidel (cont.)

iter = 0;
while (1)
xold = x;
fori = 1:n
x(i) = d(i)-C(i,:)*x;
if x(i) ~=0
ea(i) = abs((x(i) - xold(i))/x(i)) * 100;
end
end
iter = iter+1;

if max(ea)<=es | iter >= maxit, break, end
end



Nonlinear system

.rlz 4+ x1x> = 10

X> + 3.r|x§ =57

=~
-3

X+ xx, =10

Solution

4 — X, + 3xx3 = 57 X =2,x=3




Solving nonlinear systems by successive substitution,
the same strategy as the Gauss-Seidel method

2 —
X +xixz =10 Initial guesses: x, = 1.5, X, =3.5

10— (1.5)
B 3.5

X2 = 57 — 3(2.21429)(3.5)* = —24.37516

Xy + 33:].1:% =57
= 2.21429

X1
Iterative equations

B 10— x}

X2

X1

Next iteration

X, =57 — 311.1:%

10 — (2.21420)2
— = — .2
YT T: 020910

X2 = 57 — 3(—0.20910)(—24.37516)* = 429.709

Diverging !
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Alternative format of iteration equation

2 S
X+ x1%2 = 10 Initial guesses: x, = 1.5,x,=3.5

X> + 31,)(% =57

x1 =410 —1.5@3.5) = 2.17945

Iterative equations 57 _35 |
Xy = _ —2.86051
X1 =+ 10— xx, 3(2.17945)
. Next iteration
B 57 — X2
2 =4 T3y, x1 = /10 — 2.17945(2.86051) = 1.94053
57 — 2.8605
Xy = ? M)_O | = 3.04955
3(1.94053)

Converging !!

Shortcoming of successive substitution: convergence
often depends on the format of iteration equations.
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Reform of nonlinear equation solving by root finding
of nonlinear equations

filxi,x2, ..., x,) =0

f2(vx],}f2, -..,Xﬂ) — ()

fa(x1, %2, ..o, x) =0
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Recall of Newton-Raphson method for finding a root

fxiv1) = f(xi) + (i1 — x0) f(x3)

f4

f(X,)—0

Slope = f'(x;) f '(Xi) _
Fory o e 2 _ Xi = X
oy )
L fx) — 0 1+1 I f'(xi)

Toward f(x)=0

13



Solving nonlinear systems by Newton-Raphson

= A first-order Taylor series

Af1.i df1.i
frist = fri+ (X — X)) =—= 4+ (X241 — 4‘72,.{)_‘!
0X] Jx2
df2,i Af2.i

frivt = fri+ (Xriv1 — X1.0) + (X2,i41 — X2,i)——
JX1 J.X

fl,i+] and fz,f+1 equal Zero ‘

afL' afL' afh' afL'
E?r{'rl’”] + 3XIX2-5+1 = —f1i + X1 ari + X2, 8x!

] ) X )
df2,i df2.i df.i > |
*fﬁ -X1is1 F f-lx2.i+1 = —Ji ‘|‘.Jif],.i_fﬁi ‘|‘X2.i_f_!
Jx] JX? x| 00X

J, Jacobian matrix Solution

[V Hxip} = =/} + [T Hxi)

= (xia)={x}-[J1"{f)
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Nonlinear systems by Newton-Raphson (cont.)

Extending to /7 nonlinear equations

Of.i Of.i O fk.i dfk.i dfk.i
—— X1+ X241+ + __IIH.F+I = —fr.i +I|,i—_! + X2, _!
dx dxa dx, dx dXx
a i
4 o4 Irr.ii
Xp
Jacobian matrix
l ofii  dfi i ] .
an  9x ox, b =1lxy x o0 X0
df2;  df2i o % r
1= 9x; ox, 0x,, il = 1[xis1 Xoisr - Xpitrl
E'.f.l'i.f aﬁr.i aﬁz.i {f}T — |—-'ﬂI le e f”IJ
B 3'.1,'1 3‘5‘.’2 o E |

lxis) = —{f} + {x) = X} = =17 f)
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M-file to implement Newton-Raphson method for
nonlinear systems of equations

function [x,f,ea,iter]=newtmult(func,x0,es, maxit)
if nargin<3|isempty(es), es=0.0001; end
if nargin<4|isempty(maxit), maxit=50; end
iter = 0O;
X=X0;
while (1)
[],f]=func(x);
dx=J\f;
X=X-dX;
iter = iter + 1;
ea=100*max(abs(dx./x));
if iter>=maxit|ea<=es, break, end
end
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Example of nonlinear equations

= Determining the roots of two nonlinear equations:

S+ x; +x2 4
= 1 ( — : _4 10
hix) = 0~y
5S4 x1+x |
faxy, x2) = bl — 3.7 x 1072

(50 — 2x1 — x2)(10 — xp)

The partial derivatives comprising the Jacobian

I fils + 831, 39) = fi(x1, x) O filen, x4 8x2) — filry, x0)
ox; dXq xy dX2
dfr  fralx1 +dx1, x2) — falxy, x2) Af  folxr, X2+ 8x2) — folxy, x2)

0x) dX1 0.X> d.X9
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M-file to compute function values and Jacobian

function [J,f]=jf_2eq(x)

del=0.000001;
dfidx1=(u(x(1)+del*x(1),x(2))-u(x(1),x(2)))/(del*x(1));
dfidx2=(u(x(1),x(2)+del*x(2))-u(x(1),x(2)))/(del*x(2));
df2dx1=(v(x(1)+del*x(1),x(2))-v(x(1),x(2)))/(del*x(1));
df2dx2=(v(x(1),x(2)+del*x(2))-v(x(1),x(2)))/(del*x(2));
J=[df1dx1 dfldx2;df2dx1 df2dx2];

fl=u(x(1),X(2));

R2=v(x(1)X(2));

f=[f1,f2];

function f=u(x,y)
f=(5+x+y)/(50-2%x-y)~2/(20-x) - 0.0004;

function f=v(x,y)
f=(5+x+y)/(50-2*x-y)/(10-vy)-0.037;
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Example of nonlinear equations (cont.)

Employ the Newton-Raphson method to derive the x; and x,

format short e
x0=[3; 3];
[x,f,ea,iter]=newtmult(@jf_2eq,x0)

After 4 iterations, a solution of x;=3.3366 and x,=2.6772 is obtained.
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Reference

= Steven C. Chapra "Applied Numerical Methods with MATLA
B", 3rd ed., McGraw Hill, 2012.
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